Abstract. We construct a polarized Hodge structure on the primitive part of Chen and Ruan's orbifold cohomology H k orb (X) for projective SL-orbifolds X satisfying a "Hard Lefschetz Condition". Furthermore, the total cohomology H * , * orb (X) forms a mixed Hodge structure that is polarized by every element of the Kähler cone of X. Using results of Cattani-Kaplan-Schmid this implies the existence of an abstract polarized variation of Hodge structure on the complexified Kähler cone of X.
Introduction
The total cohomology of an n-dimensional smooth projective variety X has a very rich structure. For example, multiplication by a Kähler class defines a representation of the Lie algebra sl(2) on H * (X, C), whose semisimple element induces the standard Z-grading. This is the content of the Hard Lefschetz Theorem. From the Hodge theoretic point of view, H * (X, C) can be studied as a mixed Hodge structure that splits over R and is polarized by the action of every Kähler class [7] .
Many results from Hodge theory are known to extend to projective algebraic varieties with mild singularities. Such is the case of, for example, projective orbifolds -also known as (projective) V -manifolds-where most of the results valid in the smooth case continue to hold true [16] .
Motivated by the work of several physicists on string theory over Calabi-Yau orbifolds [10] , W. Chen and Y. Ruan introduced a new cohomology theory for orbifolds [8, 9] . For a compact Kähler orbifold X, they prove that this orbifold cohomology H k orb (X, R), admits a Hodge structure 1 of weight k. The purpose of this paper is to explore to what extent the standard results of Hodge theory are valid for H * orb (X, R). The Hard Lefschetz Theorem asserts that if ω is a Kähler class on X, the operator L ω defined by left multiplication by ω induces isomorphisms L p ω : H n−p (X, R) → H n+p (X, R) for all p, where n = dim X. It is easy to see that this cannot happen for arbitrary projective orbifolds X. Instead, there is a simple condition on the action of the local groups of the orbifold that determines when the Hard Lefschetz Theorem holds. We call this condition the Hard Lefschetz Condition. Surprisingly, Date: March 5, 2008. 1 In fact, in order to obtain Hodge structures in the usual sense, i.e. integrally graded, only for projective SL-orbifolds, this is the only condition required to prove the "Lefschetz package": the Hard Lefschetz theorem, the Lefschetz decomposition and the Hodge-Riemann bilinear relations. More abstractly, we see that H * orb (X) carries a natural mixed Hodge structure, split over R and, for a certain natural form Q, it is polarized by any Kähler class. Eventually, using results of E. Cattani, A. Kaplan and W. Schmid [4, 6] , we associate to the orbifold cohomology of a projective orbifold satisfying the Hard Lefschetz Condition a polarized variation of Hodge structure (a nilpotent orbit, in fact) on the complexified Kähler cone of X.
In short, our results show that there is a close similarity between the Hodge structures on the orbifold cohomology of a projective orbifold satisfying the Hard Lefschetz Condition and the standard cohomology of a smooth projective variety. This similarity can be considered as indirect evidence for the several conjectures posed by Ruan [12] regarding the existence of equivalences between the orbifold cohomology of an orbifold X and the cohomology of a crepant resolution of X.
In this paper we generally talk about projective orbifolds; all results can be restated in terms of compact Kähler orbifolds without change. Analogous results can be proved also in the algebraic category (i.e., for smooth Deligne-Mumford stacks); this, and the connection with the A-model variation of Hodge structure [3] will be analyzed in a forthcoming paper.
The plan for the paper is as follows. In Section 2 we recall some definitions and results from Hodge theory. Then, in Section 3 we sketch Chen and Ruan's construction of orbifold cohomology. Here we note that the product of a form α supported in the untwisted sector and another form supported in the twisted sector can be computed in terms of the cup product on the twisted sector and a form induced by α on the twisted sector. In Section 4 we motivate the Hard Lefschetz Condition and see how it implies the Hard Lefschetz Theorem for projective orbifolds. In Section 5 we prove that, under the condition discussed in §4, the Hodge decomposition of the orbifold cohomology is a Hodge structure, which is polarized when restricted to the primitive orbifold cohomology. Furthermore, the total orbifold cohomology is a mixed Hodge structure polarized by every Kähler class. Finally, using results of asymptotic Hodge theory we show that the total orbifold cohomology generates a polarized variation of Hodge structure. In Appendix A we review a few notions on orbifolds, mostly to fix the notation.
Hodge theory preliminaries
In this section we recall the basic notions of Hodge theory. Additionally we state some classical results for the de Rham and Dolbeault cohomologies of a compact Kähler orbifold. We refer to [5, 6, 11, 15] for more details and proofs.
Definition 2.1. Let V be a finite dimensional vector space over R and k ∈ Z. A (real) Hodge structure of weight k on V is given by a grading of V C := C ⊗ V :
such that H p,q = H q,p , where the conjugation is with respect to the real structure induced by V . Alternatively, the same structure is determined by a decreasing filtration
The relation between F and H is that
The numbers h p,q := dim H p,q are called the Hodge numbers of the structure.
Example 2.2. Let X be a smooth projective or compact Kähler manifold and k ∈ Z. Then the Hodge decomposition
Definition 2.3. Let Q : V × V → R be a bilinear form that is symmetric for k even and anti-symmetric for k odd. Also denote by Q its linear extension to V C . The triple (V, H, Q) defines a polarized Hodge structure of weight k if (V, H) is a Hodge structure of weight k and
The form Q is called the polarization of the Hodge structure.
Example 2.4. For k ∈ Z let V := R and
Then, for Q(v, w) := vw, (V, H, Q) is a polarized Hodge structure of weight 2k. This structure is called Hodge-Tate structure, and will be denoted by R(k).
Example 2.5. For a smooth projective or compact Kähler manifold X of dimension n with a choice of Kähler form ω and k = 0, . . . n, the primitive part of the cohomology H k o (X, C) (see (2.6)) is a Hodge structure of weight k polarized by the form
The primitive cohomology of a smooth projective variety X is the typical example of a polarized Hodge structure. Interestingly, the same results can be extended to the case where X has some mild singularities. This is the case when X is a projective orbifold, that is, an orbifold that can be realized as a projective variety. In what follows we will be mostly interested in this setup. For definitions, notation and references the reader may consult Appendix A.
Let X be a projective orbifold of dimension n with Kähler class
The primitive cohomology of X is defined as
for p = 0, . . . , n and {0} otherwise.
Theorem 2.6. Let X be a projective orbifold of dimension n with Kähler class ω ∈ H 1,1 (X, R).
For k = 0, . . . n, (2.8) restricts to the primitive cohomology to give
where [17, Chapter 5] . In Section 5 we will derive the analogous of Theorem 2.6 for the orbifold cohomology.
Natural operations are defined for polarized Hodge structures. For example, the direct sum of two polarized Hodge structures of the same weight k, (V j , H j , Q j ) for j = 1, 2 is the polarized Hodge structure of weight k (V, H, Q) defined by
Tensor products are also defined. For instance, the tensor product of a polarized Hodge structure of weight k 1 , (V 1 , H 1 , Q 1 ) with R(k 2 ) is the polarized Hodge structure of weight k :
There is a classifying space D for given (V, Q, k, h p,k−p ) [11] . Its Zariski closureĎ in the appropriate flag variety consists of all filtrations F of V C with dim
acts transitively onĎ -thereforeĎ is smooth-and the group of real points G R has D as an open orbit. We denote by g ⊂ gl(V C ) the Lie algebra of G C , and by g R that of G R . The choice of a base point F ∈Ď defines a filtration in g
The Lie algebra of the isotropy subgroup B ⊂ G C at F is F 0 g and
The corresponding G C -invariant subbundle of the holomorphic tangent bundle ofĎ is the horizontal tangent bundle. A map toĎ is said to be horizontal if the image of its differential lies in the horizontal bundle. A polarized variation of Hodge structure can be described by a holomorphic map Φ : M → D/Γ, that is locally liftable and horizontal, where Γ is a discrete subgroup of G R . Φ is called the period map.
To every polarized variation of Hodge structure over (∆ * ) r with quasi-unipotent monodromy 2 Schmid's Nilpotent Orbit Theorem [15] associates a special type of variation, called nilpotent orbit. A nilpotent orbit is determined by a limiting filtration F ∈Ď and the logarithms of the monodromy, N 1 , . . . , N r . The period mapping has the form
and θ(z) ∈ D for Im(z j ) ≫ 0. A nilpotent linear transformation N ∈ gl(V ) defines an increasing filtration, the weight filtration, W (N ) of V , uniquely characterized by requiring that N (W l (N )) ⊂ W l−2 (N ) and that N l : Gr
be an isomorphism. It follows from [4, Theorem 3.3] that if N 1 , . . . , N r are local monodromy logarithms arising from a polarized VHS then the weight filtration W ( λ j N j ), λ j ∈ R >0 , is independent of the choice of λ 1 , . . . , λ r and, therefore, is associated with the positive real cone
Definition 2.7. A mixed Hodge Structure (MHS) on V consists of a pair of filtrations of V C , (W, F ), W defined over R and increasing, F decreasing, such that F induces a Hodge structure of weight p on Gr
. Given such a bigrading we define:
A result of P. Deligne shows that the cohomology of any algebraic variety carries a natural mixed Hodge structure that, in case the variety is smooth, reduces to the pure structure described in Example 2.2. 
and, (4) the Hodge structure of weight k + l induced by F on ker(N l+1 : Gr
Polarized MHS arise naturally as limits of polarized variations of Hodge structure. Conversely, a PMHS generates a nilpotent orbit. The relation between nilpotent orbits and mixed Hodge structures polarized by an abelian family of operators is explained by the following important result.
Theorem 2.9. Given a nilpotent orbit θ(z) = exp(
Then, the pair (W (C), F ) defines a MHS polarized by every N ∈ C. Conversely, given commuting nilpotent elements {N 1 , . . . , N r } ∈ g R with the property that the weight filtration
The first part of Theorem 2.9 was proved by Schmid [15, Theorem 6.16 ] as a consequence of his SL 2 -orbit theorem. The converse is Proposition 4.66 in [6] . The final assertion is a consequence of [4, Proposition 2.18].
Example 2.10. Let X be an n-dimensional, smooth projective variety. Let V C = H * (X, C), V = H * (X, R). The bigrading I p,q := H n−q,n−p (X) defines a MHS on V which splits over R. The weight and Hodge filtrations are then
Note that L ω is an infinitesimal automorphism of the form (2.5) and is a (−1, −1) morphism of (W, F ). Moreover, the Hard Lefschetz Theorem and the Riemann bilinear relations are equivalent to the assertion that L ω polarizes (W, F ). Let K ⊂ H 1,1 (X, R) denote the Kähler cone and
the complexified Kähler cone. It then follows from Theorem 2.9 that for every ξ ∈ K C , the filtration exp(L ξ ) · F is a Hodge structure of weight n on V polarized by Q. The map ξ ∈ K C → exp(L ξ ) · F is the period map (in fact, the nilpotent orbit) of a variation of Hodge structure over K C .
Theorem 5.3 and Corollary 5.4 in Section 5 will prove that a similar description is possible for the orbifold cohomology.
Orbifold Cohomology
In this section we briefly review Chen and Ruan's construction of orbifold cohomology [8] . We refer to Appendix A for notation on orbifolds.
Recall that to an orbifold X we can associate, for each k ∈ N, another orbifold ((g 1 , . . . , g k )) denotes the "conjugacy class":
Even if X is a connected space,X k need not be. In generalX k decomposes in connected componentsX
where t k labels each component and T k is the set of all such labels. We refer also to X (p,( g)) as the component ofX k containing (p, ( g)). The components are orbifolds that are compact (complex) if X is compact (complex). Also, if X is projective, so are the components (use [1] ).
We denote by T 0 k ⊂ T k the set of connected components that contain points of the form (p, ( g)) with
The inertia orbifold isX 1 . For k = 1 we will use the notatioñ
Notice that X 1 may not be connected. X 1 is called the non-twisted sector, while the other connected components ofX are the twisted sectors.
Several C ∞ functions relate the spacesX k . Let e j :X k →X be defined by e j (p, ( g)) := (p, (g j )) and π :X → X by π(p, (g)) := p. Also, π t will denote the restriction of π to the sector X t . Notice that π 1 : X 1 → X is an isomorphism. Last, we define the involution I :X →X by I(p, (g)) := (p, (g −1 )). We also denote by I the involution induced on T .
The following result is straightforward.
For each
This index defines a locally constant function of p. If X t is the sector containing (p, (g)), we define i t := i (p,g) . Then [8, Lemma 3.2.1] shows that i (p,g) is integral if and only if ρ p (g) ∈ SL(n, C) and that the (complex) dimension of X t is
An orbifold for which ρ p (g) ∈ SL(n, C) for all p and g is called an SL-orbifold. For example, if X is Calabi-Yau, then X is an SL-orbifold. Definition 3.2. Let X be an orbifold. Then the orbifold cohomology groups of X are defined by
where the cohomology groups on the right are the singular cohomology groups with real coefficients, which are isomorphic to the corresponding de Rham cohomology groups [14] . If X is complex then the orbifold Dolbeault cohomology groups are defined by H p,q orb (X) := ⊕ t∈T H p−it,q−it (X t ).
Remark 3.3. In [8] the orbifold cohomology groups with compact support are defined and used. In this paper, however, we will not need them since we will be assuming in what follows that our orbifolds are always compact.
Proposition 3.4. Let X be a compact complex orbifold with dim C (X) = n. Then, for 0 ≤ k ≤ 2n the pairing , orb :
Analogously, the pairing , orb :
The proof of the proposition reduces to the standard statements on each direct summand.
Chen and Ruan define a product structure on orbifold cohomology. We will not go into all the details of this definition for which we refer, once more, to [8] .
Definition 3.5. Let X be a compact orbifold. For α, β, γ ∈ H * orb (X) the orbifold three point function is defined as
where E is an "obstruction bundle" onX 0 3 , and e(E t3 ) is the Euler class of E| Xt 3 . For α, β ∈ H * orb (X), the orbifold product α orb β is defined by α orb β, γ orb := α, β, γ orb for all γ ∈ H * orb (X). Roughly speaking, the obstruction bundle E mentioned above is constructed as follows. For each (p, (g 1 , g 2 , g 3 )) ∈X 0 3 define the group π
where m j is the order of g j . Then consider the morphism π orb 1 (S 2 ) → G p determined by λ j → g j for j = 1, 2, 3 and let G be the image of that morphism. It is shown in [8, §4] that there is a Riemann surface Σ and an orbifold covering Σ → S 2 inducing the exact sequence
The group G acts on Σ by deck transformations. Let e :X k → X be e(p, ( g)) := p. The obstruction bundle E is defined as the G-invariant part of H 1 (Σ) ⊗ e * T X. The orbifold product defines a rich structure, as the following result shows [8, Theorems 4.1.5 and 4.1.7]. Theorem 3.6. Let X be a compact, complex orbifold, n = dim C (X). Then the orbifold product is bigraded
The total cohomologies H * orb (X) and H * , * orb (X) become rings under orb , with unit e In what remains of this paper we will be mostly interested in products of the form α orb β for α ∈ H * (X 1 ) and β ∈ H * (X t ) for t ∈ T . To that effect we close this section with the following result.
Proof. We start by computing α, β, γ orb for γ ∈ H * orb (X). From the definition,
First notice that since α is supported in X 1 the integral over X t3 vanishes unless X t3 contains points of the form (p, (1, g, g −1 )). Furthermore, since β is supported in X t , X t3 must contain a point of the form (p, (1, g, g −1 )), for some (p, (g)) ∈ X t . Hence, the only summand that can contribute to the three point function is the one corresponding to the component X t ′ containing (p, (1, g, g  −1 ) ). Using Lemma 3.1, it follows that X t ′ = e −1 2 (X t ). We observe that the obstruction bundle E t ′ = E| X t ′ is trivial. This is so because in this case the group π orb 1 (S 2 ) ≃ g = G ⊂ G p so that from the exact sequence (3.1) we derive that Σ = S 2 ; thus H 1 (Σ) = {0} and E t ′ is trivial. Hence e(E t ′ ) = 1.
So far, we have
where
Thus, for all γ,
and the result follows.
Remark 3.8. The compactness assumption in Proposition 3.7 is not essential and can be ignored as long as compactly supported orbifold cohomology is introduced.
The Hard Lefschetz condition
In this section we want to look into a necessary -and sufficient-condition on an orbifold in order to have some version of Hard Lefschetz Theorem for the orbifold cohomology.
As we mentioned in the Introduction, it is generally believed that, under some yet not well understood conditions, there should be some kind of equivalence between the orbifold cohomology of an orbifold X and the cohomology of a crepant resolution of X. For instance, if Y → X is a hyperkähler resolution, Ruan conjectured such a relation [13, 12] . In any case, if such equivalence exists, the algebraic structure of the cohomology of the resolution should have an analogue in the orbifold cohomology of X. One "feature" of the singular cohomology of the resolution is the Hard Lefschetz Theorem. We will concentrate here in the analogous result for the orbifold cohomology.
As for the singular cohomology, if X is a Kähler orbifold, for any Kähler class
we define the operator
Notice that for α ∈ H * (X t ), because of Proposition 3.7, we can replace the orbifold product π * 1 ω orb α by π * t ω ∧ α. As we mentioned in section 2, the Hard Lefschetz theorem states that for any Kähler class ω on the projective orbifold X of complex dimension n, for all p ∈ N the map L p ω induces an isomorphism between H n−p orb (X, R) and H n+p orb (X, R). To understand this condition, we remember that the orbifold product by
is an isomorphism, it should induce isomorphisms on each H * (X t ). But care must be taken regarding the degrees:
with H 2n−4it (X t ) and the latter is trivial -because dim C X t = n − i t − i I(t) -while the former is not. A similar argument shows that i t > i I(t) also leads to a contradiction. So we conclude that if the Hard Lefschetz condition should hold then 
Remark 4.2. Condition (4.2) had already appeared in [12, §4] in connection with the possibility of defining a "hermitian" inner product to fix a signature problem in the Kummer surface example. 2) doesn't hold on all sectors, it is still possible to consider a subgroup of the orbifold cohomology -the direct sum over the sectors where the condition holds-and the results of Section 5 will still apply on this substructure.
Hodge structure
In this section we will first construct polarized Hodge structures on the primitive part of H k orb (X) for appropriate orbifolds. Then we will see that for these orbifolds the full cohomology carries the structure described in Example 2.10. Finally, we use this last property to construct a polarized variation of Hodge structure associated to X.
In order to define a Hodge structure on H k orb (X) a first requirement is that the cohomology be integrally graded, which immediately leads to X being an SLorbifold. Also, we need X to be projective satisfying condition (4.2), all conditions that we will assume in this section.
Let X be a projective orbifold of dimension n and ω ∈ H 1,1 (X, R) a Kähler class. The primitive orbifold cohomology is defined by
where L ω is the multiplication by ω operator (4.1). For the Dolbeault groups we define (H
is a Hodge structure of weight k on H k orb (X, R). Furthermore, for any Kähler class ω, the decomposition
defines a Hodge structure of weight k that is polarized by the form Q k , defined as the direct sum over all t ∈ T of
Proof. Since ω is a Kähler class on X, π * t ω is a Kähler class on the sector X t . By Theorem 2.6, since each X t is a projective orbifold, each H k−2it o (X t ) has a Hodge structure of weight k − 2i t given by
and this structure is polarized by the form (5.3).
Taking the tensor product of the polarized Hodge structure defined above with R(i t ) we obtain a new polarized Hodge structure of weight k on H k−2it o (X t ):
This structure is still polarized by the same form Q t k−2it . Now we consider the direct sum over all t ∈ T of the polarized Hodge structures of weight k defined above:
Last, by construction, the polarized Hodge structure (5.5) is polarized by Q k , the direct sum over all t ∈ T of the polarizations Q t k−2it . The assertion about the non-polarized cohomology is a subset of the previous proof.
Remark 5.2. The Hodge structure on H k orb (X) is already implicit in [8, Proposition 3.3.2]. An important point is that in order to define the polarization we are not using the Kodaira-Serre duality used in that paper. Instead, we are using integration on X t which is only possible under condition (4.2). This form, that we found naturally in the Hodge setting, was proposed in [12] in connection with the signature of the Poincaré form for the Kummer surface.
In Theorem 5.1 we considered the forms Q t defined by (5.4). We now define Q to be the direct sum of the forms Q t over all t ∈ T . A routine check shows that this form is bilinear, nondegenerate and (−1) n -symmetric. 
is a weight n MHS polarized by the operator L ω defined in (4.1) with the bilinear form Q defined above.
Proof. Since orb preserves the bigrading of the Dolbeault groups, L ω is a (−1, −1) morphism of (W, F ). To check that L ω ∈ g R it suffices to check that
since the decomposition in sectors is Q-orthogonal, and this is a straightforward computation. The reality of L ω follows from ω being real and the reality of orb . Since taking product with ω increases the degree by 2, Notice that, for each t ∈ T , Q t (H a−it,b−it (X t ), H c−it,d−it (X t )) = 0 unless a + c = n which, by the Q orthogonality of the sector decomposition, implies that
orb (X)) = 0 if a + c ≤ n − 1. In turn, this last condition implies that Q(F p , F n−p+1 ) = 0 for all p. Finally we have to prove that the Hodge structure of weight n + l induced by
. Using (5.6) we are studying the Hodge structure on (H n−l orb ) o (X) given by (5.2) (with k = n − l) and the polarization is precisely the one that, because of Theorem 5.1, polarizes this structure.
For V = ⊕ n p=0 V 2p a finite dimensional, graded C-vector space with a Sym V 2 -module structure, a notion of Frobenius module is introduced in [3] . A natural generalization exists if V is a Sym W -module for a subspace W ⊂ V 2 . In this context, Theorem 5.3 implies that V := ⊕ In some cases it is easy to see that it is possible to thicken the Kähler cone of X by incorporating "small" elements of the twisted part of H 1,1 orb (X) in such a way that the Hard Lefschetz Theorem holds and the Hodge structure on the primitive cohomology is polarized -this is basically true because these conditions are open. Unfortunately, the elements of this larger cone may fail to be in g R and so do not polarize the mixed Hodge structure.
For example, if X = T 4 / τ , the quotient of the 4-torus by the involution x → −x, it is well known that its crepant resolution Y is the Kummer surface. The action of τ has 16 fixed points and it is easy to check that the orbifold Hodge numbers are h ∈ g R and we see that the mixed Hodge structure is not polarized by L ω .
Appendix A. A page on orbifolds
In this section we briefly review the definition of orbifold and smooth map. For details, see [9, §4] or, the original treatment of [14] and [2] .
